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Abstract-The paper presents new results concerning links between a numerical triangle, Fibonacci 
sequence, and the transfer ratio of ladder networks composed of identical interacting cells. Following 
an earlier paper, it is shown that the procedure for determining the node coefficients of the numerical 
triangle can be importantly improved by involving an appropriate oriented graph and links with 
Chebyshev polynomials of the second kind. 
1. INTRODUCTION 
During the last ten years, a number of important developments have taken place in the study of 
numerical and analytical methods for coefficient value problems concerning the transfer function 
of a ladder network formed by a cascade of a finite number of identical interacting two-ports. 
Amongst these developments are several important new ideas showing links of the transfer func- 
tion coefficients with Fibonacci numbers and a numerical triangle. Studies of ladder networks 
continue to be a very challenging multi-disciplinary area of research among physicists, biologists, 
ecologists, and engineers. The publication of work on these topics has led to further activity and 
to a wealth of important new results and insights [l-5]. It is the aim of the present note to prove 
further new results concerning the determination of the polynomial coefficients characterizing a 
ladder network being composed of identical interacting cells. In particular, the expression of the 
corresponding transfer function will be given in terms of the Chebyshev polynomials of the second 
kind. Moreover, important simplifications in determining the node coefficients of the respective 
numerical triangle will be involved. Illustrat,ive examples are given. 
2. TRANSFER FUNCTION OF A LADDER NETW0R.K AND A NEW 
NUMERICAL TRIANGLE SHOWING LINKS WITH FIBONACCI SEQUENCE 
The transfer ratio Tk (k = 0, 1,2, . , n) of the output- to input-signal (force or moment in 
mechanical systems, voltage or current in electrical systems, etc.) along a ladder network being 
composed of a finite number of identical interacting cells [l] can be determined by use of the 
method of the Cayley-Hamilton theorem [G]. Applying this method to the ktl’ power of the 
transmission matrix of one cell 
A= 
i 1 
; ; , (1) 
where a, b, c, and d denote, in a general case, complex parameters, gives 
Ak = qkA - qk-lI, k=O,l,..., 11, (2) 
with I as 2 x 2 unit matrix. The coefficient qk is determined by the following recurrence relation: 
rlk+l = (a + d)qk - G’k-1, (3) 
with qo = 0 and q1 = 1. If we denote by ‘1~0 an applied signal at, the input port of the first cell, 
and by uk a corresponding signal at the output of the kth cell in the network, then the transfer 
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ratio follows from the relation 
Tk = 2, k=O,l,..., n. 
UO 
(4 
It is clear from Expressions (2) and (4) that signal ~1, fulfills the relation 
uk+l = (2+xhr, -%-1, (5) 
where complex parameter z = ZY is determined by the product of series impedance 2 and shunt 
admittance Y of one cell (both being, in a general case, complex parameters). Now it is easy see 
that Tk is determined by a polynomial in IC of the kth degree so that we can write 
Tk = & Pk,mxm, k = 0, 1,2, . . . , n 
From direct inspection of the above expression, we have that 
To(.x) = 1 
Tl(x) = 1 + x 
?-l(X) = 1 + 3.7: + X2 
T3(z) = 1 + Gz + 5x2 + x3 
T4(z) = 1 + 10x + 15~~ + 7x” + x14 
T5(z) = 1 + 15.~ + 35~~ + 28x” + 9~:” + .I:’ 
The polynomial coefficients 
belong to the numerical triangle (NT) which takes the following form: 
k NT 
0 1 
1 1 1 
213 1 
316 5 1 
4 1 10 15 7 1 
5 1 15 35 28 I, 1 
(7) 
(8) 
(0) 
. . . 
Observe that the NT is a triangle, as is t,he classic Pascal triangle, but node coefficients of the 
NT cannot be directly evaluated by applying the rule corresponding to the classic Pascal triangle. 
It must be noted that from the NT, it is easy obtain the expression of the polynomial Tk(x) for 
small values of k. To determine Tk(x) for large values of k, the authors of [2] recommend the 
use of Formula (8) to find the respective coefficients. Nevertheless, such a method does have its 
disadvantages and it is not an amenable task, particularly for computer calculations. We must 
emphasize that formulae presented in [2] for determining the coefficients pk involve the sums 
of terms containing triple signs of summation. It is worth noting, in addition, that there is an 
excessive computational effort involved in implementing such expressions on a computer. In order 
to overcome this difficulty, it is necessary to consider formulae more suitable for computational 
purposes. Further, we would like to point out that presented in [2] are links between the NT 
and Fibonacci sequence which concern particular cases of ladder networks, i.e., for such 2 and Y 
that give ZY = 1. Recently, other properties based on more subtle model problems have been 
proposed for these purposes [7]. On the other hand, the author of the present note has established 
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in [8] a procedure simplifying the determination of the number of terms in the transfer function 
of a ladder network and proved its relations with the number of open paths in a corresponding 
oriented graph. It has been shown that the number of terms in the transfer function of a ladder 
network is determined by 
Ark = & [(““:‘) +5(2ii3+3) +52(2klI) +...+5*(-)] 
(i0) 
for the displacement to force or voltage to voltage ratio, respectively, and 
D&= & [(“:) +5(Y) +52(Y) +...+5*(2r2tl)] (11) 
for the velocity to impulse or current to current ratio, respectively, and k = 0, 1,2,. . . , n. It 
is easy to show that Expression (10) determines simultaneously the sum of all node coefficients 
in the NT at the kth level (k = 0, 1,2,. . . , n). All calculations can be further simplified by 
attributing to the ladder network an oriented graph corresponding to the NT by virtue of which 
the transfer function from the source node to a sink node can be determined. In the oriented 
graph (Figure 1) of the ladder network there are no loops, and consequently, the transfer function 
is determined by the sum of all open paths counted from the source node (the top of the graph) 
to the sink node (the given node in the graph). The number attached to each node of the NT is 
equal to the number of open paths from the top to the corresponding node in the graph. Thus, 
the transfer function counted from the output of the kth cell to the the input of the first cell of 
a ladder network is determined by a polynomial in x with coefficients taken from the kth level of 
the corresponding oriented graph. On the other hand, it can be proved by applying the method 
of total induction that the NT node coefficients can be determined from the following recurrence 
formula: 
Pk,m = Pk-1 + 2Pk-l,m - pk-2,mr k = 2,3,. . . ,n, (12) 
with PO,O = 1, PI,O = 1, pl,l = 1, and P,,, = 0 for r < 0 and s > r. For instance, if we fix k = 5 
and m = 4. then we obtain 
P5,4 = P4,3 + 2P4,4 - P3,4 = 7 + 2 = 9. 
The advantages are, hopefully, improved stability and accuracy in determination of the NT 
node coefficients and, consequently, the transfer function of the ladder network. 
k=O 
k=l 
k=2 
k=3 
k=4 
k=5 
Figure 1. The oriented graph of the ladder network. 
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3. THE NUMERICAL TRIANGLE AND THE CHEBYSHEV 
POLYNOMIALS OF THE SECOND KIND 
The aim of this section is to show that some results of [2] can be importantly simplified 
by taking into consideration the recurrence relations in respect to Chebyshev polynomials of 
the second kind [9]. Moreover, we would like to point out that it is not necessary to use the 
recurrence relation or formulae collected in mathematical tables to obtain numerical values of 
all coefficients of Chebyshev polynomials of the second kind and corresponding order. This can 
be done more easily by applying an oriented graph which corresponds to the NT attributed to a 
ladder network being composed of identical interacting cells. Let us start with the first remark. 
Chebyshev polynomials of the second kind are defined by means of the formula 
Wn(Y) = 
sin [(n + 1) arccos y] 
sin (arccos y) (13) 
It can be mentioned that, in the theory of special functions, the definition of these polynomials 
is not unique, and, for instance, particular authors give five various definitions differing in the 
multiplier dm, the index (n + 1) instead of 71, or the argument [9]. In t,he analysis of 
physical plants, Definition (13) is applied rather scarcely. We make use of tables of Chebyshev 
polynomials [3] instead of a definition, or we apply the following recurrence relation: 
W,(Y) = 2YWT,-l(Y) - wn-2(Y) with We(y) = 1, WI(Y) = 2y. (14) 
In what follows, we shall apply the recurrence (14) and show links between the node coefficients 
of the NT and coefficients of the successive Chebyshev polynomials corresponding to the transfer 
function of a ladder network. Although the recurrence relation (14) has been studied extensively 
for years, for example, as in [3,9], the link between Wk(y) and the NT appears to have not been 
considered before. This motivation results in the present section considerations. On the basis 
of Expressions (2) and (3), it is easy t,o prove that transfer matrix A of one cell of the ladder 
network fulfills the relation 
A” = (CL + d)A”-’ - A”-2. (15) 
By application of the method of t,otal induction we can transform the above relation to the 
form 
(16) 
where Wp((a+d)/2), p = O,l,. . , 16, denotes the Chebyshev polynomials (14) with y = (a + d)/2 
and I is the 2 x 2 unit matrix. Hence, the kth power of the transmission matrix depends on its 
first power and Chebyshev polynomials of the second kind, with argument y being the arithmetic 
mean of transmission parameters a and d. Let us use the above result to express the transfer 
function of a ladder network in terms of Chebyshev polynomials. As is known, the transmission 
parameters a and d of this network depend on the complex parameter z = ZY as follows: 
~=l+z and d=l. (17) 
so that we have 
y=l+Z. 
2 (18) 
Based on Expressions (4) and (16)-(18), we can establish the relation between the transfer func- 
tion of a ladder network and the Chebyshev polynomials of the second kind, namely, 
Tk(X) = aWk-l(Y) - Wk-2(Y). (19) 
Taking it into consideration, we can give a very simple form to Formula (6) written shortly: 
Tk(z) = (1 + z)wk-l(Y) - wk-2(Y), (20) 
where y = 1 + z/2, and We(y) = 1 and WI(Y) = 2y. Thus, relation (20) being known, the trans- 
fer function of the ladder network is composed of identical interacting cells, and consequently, 
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the NT node coefficients can be expressed as depending on the diagonal elements of the trans- 
mission matrix A of one cell of this network and Chebyshev polynomials of the second kind. 
Based on this, it makes sense to relate the coefficients Pk.,, with the respective coefficients of the 
Chebyshev polynomials. The k th Chebyshev polynomial (k = 0, 1,2,. . . , n) can be represented 
in developed form as follows: 
k 
wk(Y) = ck,O + ck,l Y + ck,2 y2 + ’ ‘. + Ck,k yk = c Ck,m ym, (21) 
m=O 
where cc,0 = 1, cl,1 = 2, cl,0 = 0. Using Expressions (6), (14), (18), (20), and (21), we obtain 
2 pk,m xm 
k-l k-2 
= (1 i- X) c Ck-1,m Ym - c Ck-2,m Ym. (22) 
m=O m=O m=O 
Further manipulations on (22) yield 
ck-_2,k-2 - ‘. - - 
with k = 1,2 ,..., n. Sometimes this can be done explicitly. For example, matters simplify 
considerably if m = k or m = 0. Then we have 
k-l k-2 
Pk,k = 2-(k-1)ck-l,k-l and pk.0 = c c,&r,r - cc&Q. (24) 
r=o r=O 
To illustrate this approach, let us determine node coefficients corresponding to the first three 
lines of the NT. For this, we assume that three first Chebyshev polynomials 
We(Y) = co,0 Y0 = 1, Wl(Y) = Cl,1 Y + Cl.0 = 2Y, 
and 
Wz(Y) = c2,2 Y2 + C2,l Y + c2,o = 4Y2 - 1 
are known. Then we have for k = 0, po,o = 1 (by definition), and 
for k = 1, Pl,O = 2O 
0 
0 
o co,o=L 
for k = 2, 
Pl,l = 2-l (;)co.o 4- 20(3co,o = 1, 
P2,o = 2O (31., + 20(3w - 20(~)co,o 
= Cl,1 + Cl,0 - co,0 = 1, 
P2,l = 2-l (3Cl.l + 2O(;)clJ + 2-l(;)cLo + 2s(9cl,o - 2-l (;),,, 
= 2-‘cl,1 + Cl,1 + Cl,0 = 3, 
p2.2 = 2-‘cr,r = 1. 
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To deal with the second remark, we start with the Expressions (6) and (20). The Chebyshev 
polynomials can be expressed in terms of the NT node coefficients. By comparing the right hand 
sides of these expressions, we obtain 
& pk,, xm 
m=O 
=(1+x)[ck-1,0+(1+~)~k-*,l+(1+~)24_l,2+..- 
k-lck-l,k-,] - [Ck-2,0+(1+~)Ck_2,L+... (25) 
k-2 
Ck-2,k-2 . 1 
Rearranging the terms on the right side of equation (25) gives 
Ck,k = 2’pk+l,k+l 
21c + 1 
ck,k-1 = 2k-‘pk+l,k - - 
2 
Ck,k 
Ck.m = 2?k+l,m+l - - 
;i: &t& Ck,p + - 
p=m+1 
; y ok-l,rck-l,r 
r=m+l 
(26) 
z 
ck,O = pk+l,l - - 
I=0 
3lck,k+l + ;?(I + ~)ck_1,~+1, 
l=O 
where 
m-1 
Q:?n-l = Ok,rn - 2 and &?_ I,m-1 = p:;;,, - 2 (27) 
and c,,, = 0 when s > r. For instance, if we fix k = 4, then by direct inspection of the above 
relation we obtain 
c4,4 = 16~5,5 
9 
c4,3 = 8~5.4 - 2c4,4 
7 16 1 
c4,2 = 4p5,3 - -c4,3 - -c4,4 + -c3,3 
2 2 2 
(28) 
5 9 14 
c4,l = 2P5,2 - -c4,2 - -c4,3 - -c4,4 
1 3 
2 2 2 
+ -c3,2 
2 
+ -c3.3 
2 
3 4 5 6 1 2 3 
c4,O = P5,l - -c4,1 - -c4.2 - -c4,3 - 
2 2 2 
Tc4,4 + -c3,1 + 
2 
-c3,2 
2 
+ -C3,3. 
2 
Taking into account results of preliminary calculations, i.e., ~,a, ~3,2, and cg,i, and the values 
of respective node coefficients of the NT yields 
c4,4 = 16, c4,3 = 0, C4,2 = -12, C4,l = 0 and c4,c = 1. 
It is also worth noting that the kth order NT node coefficients depend on (k - l)th and (k - 2)th 
orders Chebyshev polynomials so that the system of equations (24) is overdetermined. Since the 
NT coefficients Pk,m for m = 0 equal pk,c = 1 (k = 0, 1,2, . . . , n), then these excess equations 
pk,O = ck-1,O + ck-1,l + ” ’ + ck-l,k-1 - ck-2,0 - ck-2,l - ” - Ck-2,k-2 
may serve for verifications of computed results by applying relations (26) and (27). Some addi- 
tional simplifications can be introduced by taking into account the equality 
Ck,k-(21+1) = 0, (29) 
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which is fulfilled by respective coefficients of the Chebyshev polynomials of the second kind 
for Ic = 1,2,3, . . . , n, and 1 = 0, 1,2,. . . , (k - 1)/2 with Q,O = 1. The above considerations 
can be supplemented by matrix-block relations between unknown coefficients of the Chebyshev 
polynomials of the second kind and respective node coefficients of the NT. Denoting by {~k+~}, a 
(k + 2)-elements vector composed of successive coefficients of the polynomial TV, and by {ck}, 
a (k + I)-elements vector with unknown coefficients of the Icth order Chebyshev polynomial of 
the second kind, we can write 
&,k Bl k+l 
Bk+l,k &+l,k+l ] [ &” ] = ‘pk+l” (30) 
where B,,, denotes the constant matrix of dimension r x s, and vector {ck-1) is known from 
calculations in the preceding step (k-l) th . The above equation can be easy solved for the elements 
of the vector {ck} by use of the back-substitution procedure because matrix Bk+l,k+l has the 
upper triangular form, and the essential calculation rows of the matrix Bk+l,k are composed of 
zero entries. The procedure starts from lc = 1, and equation (27) takes the form 
Performing calculations gives: co,0 = 1, cl,0 = 0, and cl,1 = 2. These values constitute the 
base for next step k = 2 in which we can evaluate c2,0, c2,l, and ~2. The procedure can be 
repeated up to k = n - 1. 
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